A fractional matching of a graph G is a function f giving each edge a number in [0, 1] so that e∈Γ(v) f (e) ≤ 1 for each
Introduction
Throughout this paper, all graphs are simple with no multiple edges and no loops. A matching of a graph G is a set of disjoint edges. The matching number of G, written α ′ (G), is the maximum size of a matching in G. The adjacency matrix A(G) of G is the n-by-n matrix in which entry a i,j is 1 or 0 according to whether v i and v j are adjacent or not, where V (G) = {v 1 , . . . , v n }. The eigenvalues of G are the eigenvalues of its adjacency matrix A(G). Let λ 1 (G), . . . , λ n (G) be its eigenvalues in nonincreasing order. We call λ 1 (G) the spectral radius of G. In 2005, Brouwer and Haemers gave a sufficient condition on λ 3 (G) in an nvertex connected k-regular graph G for the existence of a perfect matching in G. In fact, they proved that if G is k-regular and has no perfect matching, then G has at least three proper induced subgraphs H 1 , H 2 , and H 3 , which are contained in the family H of graphs, where H = {H : |V (H)| is odd, and k|V (H)| − k + 2 ≤ 2|E(H)| ≤ k|V (H)| − 1}. Note that if H ∈ H, then H is not k-regular but may be an induced subgraph of a k-regular graph. Also, if k is even, then the upper bound on 2|E(H)| can be replaced by k|V (H)| − 2, since even regular graphs cannot have a cut-edge, where an edge e in a connected graph G is a cut-edge of G if G − e is disconnected. By using the Interlacing Theorem ( [2, 5] , Lemma 1.6 [4] ) and the fact that the spectral radius of a graph is at least its average degree, they proved that if G is k-regular and has no perfect matching, then λ 3 (G) ≥ min i∈{1,2,3} λ 1 (H i ) > min H∈H 2|E(H)|/|V (H)|, where H i ∈ H. The bound on λ 3 that Brouwer and Haemers found could be improved, since equality in the bound on the spectral radius in terms of the average degree holds only when graphs are regular. Later, Cioabǎ, Gregory, and Haemers [3] found the minimum of λ 1 (H) over all graphs H ∈ H. More generally, Cioabǎ and the author [4] determined connections between the eigenvalues of an l-edge-connected k-regular graph and its matching number when 1 ≤ l ≤ k − 2.
As we mentioned above, the conditions on eigenvalues in the papers actually come from having determined the largest eigenvalue of a proper subgraph in the whole graph. Thus, the results may be improved. In this paper, we determine connections between the spectral radius of an n-vertex connected graph with minimum degree d and its fractional matching number. This connection comes from the whole graph and is best possible. A fractional matching of a graph G is a function f giving each edge a number in [0, 1] so that e∈Γ(v) f (e) ≤ 1 for each v ∈ V (G), where Γ(v) is the set of edges incident to v. The fractional matching number of G, written α ′ * (G), is the maximum of e∈E(G) f (e) over all fractional matchings f . In Section 3, we prove that if G is an n-vertex graph with minimum degree d and α
This result is best possible in the sense that there are graphs H with minimum degree d such that α
, which is shown in Section 2.
Construction
In this section, we construct n-vertex connected graphs H with minimum degree d such that α (n − def * (G)) (see [7] , pages 19-20).
Proof. Since def * (B) = |A| − |B| = k, we have α
. By taking a matching with size |B|, we have α
which gives the desired result.
To determine the spectral radius of H in H(d, k), the notion of "equitable partition" of a vertex set in a graph is used. Consider a partition V (G) = V 1 ∪ · · · ∪ V s of the vertex set of a graph G into s non-empty subsets. For 1 ≤ i, j ≤ s, let b i,j denote the average number of neighbours in V j of the vertices in V i . The quotient matrix of this partition is the s × s matrix whose (i, j)-th entry equals b i,j . The eigenvalues of the quotient matrix interlace the eigenvalues of G. This partition is equitable if for each 1 ≤ i, j ≤ s, any vertex v ∈ V i has exactly b i,j neighbours in V j . In this case, the eigenvalues of the quotient matrix are eigenvalues of G and the spectral radius of the quotient matrix equals the spectral radius of G (see [2, 5] for more details).
Proof. Let H be a graph with the partition A and B in H(d, k) . The quotient matrix of the partition A and B is
The characteristic polynomial of the matrix is
3 A relationship between λ 1 (G) and α
In this section, we give a connection between the spectral radius of a graph with minimum degree d and its fractional matching number. To prove Lemma 3.2, we use the PerronFrobenius Theorem. By Theorem 3.1, if H is a spanning subgraph of a graph G, then we have λ 1 (H) ≤ λ 1 (G). We know that the eigenvalues of K n , the complete graph on n vertices, are n − 1 (with multiplicity 1) and -1 (with multiplicity n − 1), and the eigenvalues of P n , the path on n vertices, are 2 cos iπ n+1 for i ∈ [n]. Note that for some i ∈ [n] − {1}, the i-th largest eigenvalue of P n is bigger than the one of K n . Thus, even if H is a spanning subgraph of a graph G, we cannot guarantee that i-th largest eigenvalue of H is at most i-th largest eigenvalue of G for all i ∈ [n], except for i = 1. However, if H is a (vertex) induced subgraph of a graph G, then for all i ∈ [n], we have λ i (H) ≤ λ i (G) by the Interlacing Theorem. Now, we are ready to prove the main result. By the Interlacing Theorem and Theorem 3.1, we obtain an upper bound on the spectral radius in an n-vertex graph G with minimum degree d in order to guarantee that α
Lemma 3.2. Let G be an n-vertex connected graph with minimum degree d, and let k be a real number between 0 and n. If
Proof. Assume to the contrary that α
. By the fractional Berge-Tutte formula, there exists a vertex subset S in V (G) such that α ′ * (G) = 1 2 (n − def * (S)), which implies def * (S) ≥ ⌈k⌉. Let i(G − S) = t, and let T = {v 1 , . . . , v t } be the set of the isolated vertices in G − S. Note that t ≥ s + ⌈k⌉, where |S| = s. Consider the bipartite subgraph H with partition S and T such that E(H) is the set of edges of G having one end-vertex in S and the other in T . Let a = |E(H)|. Since every vertex in T has at least degree d in H, the number of edges between S and T is at least td, which means that a ≥ td. The quotient matrix of the partition S and T in H is 0 a s a t 0 .
The characteristic polynomial of the matrix is x 2 − a s ( a t ) = 0. Thus by Theorem 3.1 and the Interlacing Theorem, we have 
with equality if and only if
Proof. For convenience, we denote λ 1 (G) and α ′ * (G) by λ 1 and α ′ * . Lemma 3.2 says that if
. Since 2 +d 2 . Equality in the bound requires equality in each step of the computation: we have k = z and equalities in each inequality of the chain of inequalities at the end of the proof of Lemma 3.2. Since ⌈k⌉ = k, k must be an integer.
Furthermore, since a = dt, t = s + k, n = 2s + k, and s = d in the proof of Lemma 3.2 , G must be included in H(d, k).
